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Abstract. Let {f a ;,} be the (original) Henon family. In this paper, we show 
that, for any b near 0, there exists a closed interval Jt, which contains a dense 
subset J' such that, for any a £ J' , f a (, has a quadratic homoclinic tangency 
Oi ■ associated with a saddle fixed point of f a ^ which unfolds generically with 

respect to the one-parameter family {f a ,b}as Jt,- By applying this result, we 

(2) (2) 

rf*\ i prove that J5 contains a residual subset A b such that, for any a S A b , f a j, 

admits the Ncwhousc phenomenon. Moreover, the interval J;, contains a dense 



subset Af, such that, for any a £ A),, f a f, has a large homoclinic set without 
(-H SRB measure and a small strange attractor with SRB measure simultaneously. 

1. Introduction 
In [B] Henon studied numerically the dynamics of the diffeomorphisms f a 



> 

R 2 -> K 2 defined as 

o" 
in 



- 1—1 

X 



6 



(1.1) f a ,b(x,y) = (1-oa: +y, b«) 

for & ^ and presented a supporting evidence for the existence of a strange attractor 
r — . of fat, when a — 1.4 and b = 1.3. We call these maps Henon maps or more 

strictly original Henon maps consciously to distinguish them from Hcnon-like maps. 
Subsequently, Fornasss and Gavosto [3] gave a computer assisted proof that, for 
some ao = 1.3924198 • • • and any fixed 60 near 0.3, f ao ,b nas a generic unfolding 
homoclinic tangency. Furthermore, applying results of Mora and Viana [10J to the 
Henon maps, one has that f a ,b exhibits a small strange attractor for parameters 
(a, 6) arbitrarily close to (ao, 60). 

Let M be a surface and Diff r (M) the space of C r diffeomorphisms with C r 
topology for an integer r > 2. We say that a connected subset A of Diff r (M) has 
persistent homoclinic tangencies if a continuation of basic sets A(/) of / G A is well 
defined and each A(/) has a homoclinic tangency. That is, there exist points x,y € 
A(/), possibly x — y, such that W u (x) and W s {y) have a tangency. Newhouse 
[TTHS] (see also Palis- Takens [H]) showed that, if / G DifT(M) has a homoclinic 
tangency associated with a dissipative saddle point, then for any neighborhood 
U(f) of / in Diff r (M), there is an element g G U(f) some connected neighborhood 
N of which has persistent homoclinic tangencies. Moreover, there exists a residual 
subset of N each element of which is a diffcomorphism admitting infinitely many 
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sinks. The condition with infinitely many sinks is called the Newhou.se phenomenon. 
Robinson [16 detected the phenomenon in the context of certain one-parameter 
families in Diff r (Af). One of our aims in this paper is to show that the original 
Henon family admits the Newhouse phenomenon. 

Let Ai and A2 be basic sets for / G Diff r (Af). Then, we say that Ai is homoclin- 
ically related to A2 if either Ai = A2 or there are points Xi,yi £ A± and x<i, 2/2 £ A2 
such that W u (x\) \ Ai has a non-empty transverse intersection with W s (x2) \ A2 
and W s (yi) \ A\ has a non-empty transverse intersection with W u {y2) \ A2. The 
closure A of the union of basic sets homoclinically related to each other is called a 
homoclinic set if A contains more than a single periodic orbit. When one of these 
basic sets contains a periodic point p of /, A is called the homoclinic set of p. We 
say that a homoclinic set A has a homoclinic tangency if A contains a basic set with 
a homoclinic tangency. Thirty years after Newhouse's original works, new results 
were presented by himself. In fact, he showed in [T3| Theorem 1.4] that there is a 
residual subset R of Diff r (Af) such that, if / G R and A(/) is a homoclinic set for 
/ which contains a homoclinic tangency and has an associated dissipative saddle 
point, then A(/) does not carry an SRB measure. Here, SRB measure means an 
/-invariant Borel probability measure which is ergodic, has a compact support, and 
has absolutely continuous conditional measures on unstable manifolds. Moreover, 
Newhouse gave the conjecture in |13j : 

• for each parameter b, there is a residual set of parameters a such that / 0) & 
has no SRB measure. 

On the other hand, Benedicks and Young [2] showed 

• for almost every positive b near 0, there is a positive Lebesgue measure set 
Af, of a-parameters such that f a ^ has an SRB measure supported by the 
homoclinic set of a fixed point of f a ^b if a G Ab- 

Following the situation of admitting versus non-admitting of SRB measures, 
we will show that these two conditions coexist for many parameter values in the 
original Henon family. For convenience in our arguments, we adopt the following 
topologically conjugated formula of the Henon map f a y. 

•~Pa,b{x, y) = (y,a-bx + y 2 ) 

which is obtained from the classical formula (|1.1[) by the reparamctrization (a, b) i— > 
(—a, —6) and the coordinate change (x, y) ^ (—ab~ 1 y,—ax). Note that p a ^ = 
(2/0,6, Va,b) S R 2 with y a;b = (1 + b + y/(l + b) 2 - 4a)/ 2 is a fixed point of ip af) . 

Now we state our main results. 

Theorem A. There exists an open interval I containing such that, for any 
b G I\ {0}, there is a positive integer w and a closed interval Ji> in the a-parameter 
space satisfying the following (i) and (ii) . 

(i) For any a G Jb, f a '■— p™ b ^ las continuations of two basic sets A° ut and 
A™ with p a b G A° ut such that there exist persistent quadratic tangencies 
of W u (A° nt ) and W S (A 1 ^) which unfold generically with respect to the one- 
parameter family {<Pa}a<£j b . 

(ii) There is a dense subset J' of Jb such that, for any a G J', W u (pa,b) and 
W s (ps,,b) have a quadratic tangency ga which unfolds generically with respect 

tO {ip a }a£j b - 
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See Section 12.21 for the definition of persistent quadratic tangency unfolding 
generically. A more detailed version of TheoremlAl (i) and (ii) is stated as Theorems 
I57T1 and [571 respectively. Together with results of [TU1 H \M ES US 121] , the two 
theorems also imply the following. 

Theorem B. For any b £ L \ {0}, the interval Jb given in Theorem\^\ contains 
subsets A b , A b , A b satisfying the following conditions. 

(i) A b is open dense in Jb and, for any a € A b , <p a ,b does not have an SRB 

measure supported by the homoclinic set of p a ,b- 
(ii) A b is a residual subset of Jb with A b C A b and, for any a € A b , y> a ,b 

has infinitely many sinks. 
(iii) A b has Lebesgue measure positive everywhere in Jb and, for any a £ A b , 

(p a ,b has an SRB measure supported by an Henon-like strange attractor. 

Note that the Henon-like strange attractor given in Theorem [B] (iii) is a small 
invariant set which arises from renormalization near the tangency q& of Theorem 
IA1 while the homoclinic set in Theorem [B] (i) is a large invariant set. 

We say that a subset A of an interval J has Lebesgue measure positive everywhere 
if, for any non-empty open subset U of J, An U has positive Lebesgue measure. 
From the definition, we know that such a set A is dense in J. Also, an invariant 
set O of ip a ,b is called a strange attractor if (a) there exists a saddle point p £ fi 
such that the unstable manifold W u (p) has dimension 1 and C\(W u (p)) — fl, (b) 
there exists an open neighborhood U of O such that {f n (U )}^—i is a decreasing 
sequence with Q — H^Li f n (U), and (c) there exists a point z € ft whose positive 
orbit is dense in fl and a non-zero vector vo <E T 2[) (R 2 ) with ||d</?" (vo)|| > eCrl || u o|| 
for any integer n > and some constant c > 0. 

The conditions (i) and (iii) of Theorem [5] imply that the intersection Ab = 
A b PI A b is a dense subset of Jb satisfying the following conditions. 

Corollary C. For any b £ 7\{0}, there exists a subset Ab of Jb which has Lebesgue 
measure positive everywhere in Jb and such that, for any a £ Ab, ip a ,b does not have 
an SRB measure supported by the homoclinic set of p a .b but has an SRB measure 
supported by a strange attractor. 

We finish Introduction by outlining the proofs of Theorems [5] and [B] Note that 
a difficulty in our proof is that we need to find desired diffeomorphisms in the fixed 
iwo-parameter family {(p a ,b} but not a neighborhood of the family in the infinite 
dimensional space Diff°°(]R 2 ). See Section [3l Our key mechanism for overcoming 
it is the double renormalization for the two-parameter family. Most of our effort is 
devoted to detecting such renormalizations in Section [4j 

By using the Implicit Function Theorem, we will define a smooth function h : I — > 
R such that, for any b £ L, <fh(b),b has a homoclinic quadratic tangency qh(b),b near 
the point (—2, 2) £ M 2 unfolding generically with respect to the a-parameter family 
{¥'a,b(fixed)} (Proposition l3.2p . Then, one can renormalize {y a } with tp a := tp™ b in a 
neighborhood of qh(b).b as i n [I!]> where w > is the even integer given in Section[3] 
Then, by the Thickness Lemma [TTJ [14] , there exists a closed interval Jb such that 
the one-parameter family {(p a }a£j b has persistent heteroclinic quadratic tangencies 
q a (a £ Jb), and moreover Accompanying Lemma (Lemma 12. 2p implies that all 
these tangencies unfold generically with respect to ip a (Theorem 15. 1| . By using 
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these results, we also show that Jb contains a dense subset J' such that, for any 
a £ J', ip a has a homoclinic tangency ga associated to the fixed point pa '■= Pa,b 
which also unfolds generically (Theorem I5.2[) . Obviously, Theorems 15.11 and 15.21 
imply Theorem El 

One can renormalize {<p a } again near the tangency qa given in TheoremlAKii) for 
any a £ J'. Applying then standard arguments of Robinson [16] and Newhouse [13] 
to our situation, we have an open dense subset A b of Jb such that <p a has no SRB 
measure supported by the homoclinic set of p a ,b for any a £ A b , and a residual 
subset A b of Jb with A b C A b such that tp a has infinitely many sinks for any 
a £ ij, . Moreover, applying the results of Wang- Young [21] to the renormalized 

(3) 

maps, we have a dense subset A b of Jb with Lebesgue measure positive everywhere 

(3) 

and such that ip a has a strange attractor supporting an SRB measure if a £ A b . 
These results prove Theorem lEl 

2. Preliminaries 

First of all, we will review briefly some notations and definitions needed in later 
sections. Throughout this section, we suppose that {tpt\t^j is a one-parameter 
family in Diff r (R 2 ) with r > 3 such that the parameter space J is an interval. A 
family {A t }tej of ^-invariant subsets of R 2 is called a t- continuation (or shortly 
continuation) if, for any t £ J and some to £ J, there exist homeomorphisms 
h t : A to —* A t depending on t continuously such that ht is the identity of A to and 
fhoiptoUto = iptUt oh t- 

2.1. Thickness of Cantor sets. We recall the definition of the thickness given in 
Newhouse [12] and Palis- Takens [14] for a Cantor set K contained in an interval I. 
A gap of if is a connected component of I \ K which does not contain a boundary 
point of I. Let G be a gap and p a boundary point of G. A closed interval B C I 
is called the bridge at p if B is the maximal interval with Gf] B = {p} such that B 
does not intersect any gap whose length is at least that of G. The thickness of K at 
p is defined by r(K,p) = Length(_B)/Length(G). The thickness t(K) of K is the 
infimum over these r(K,p) for all boundary points p of gaps of K. Let K\, K^ be 
two Cantor sets in / with thickness T\ and t-i respectively. Then, Gap Lemma (see 
[12l [14]) shows that, if t\ ■ t% > 1, then either K\ is contained in a gap of K 2 , or 
Ki is contained in a gap of K\, or K\ n K% ^ 0. The thickness of a Cantor subset 
K of a C 1 curve a in R 2 is defined similarly by supposing that a is parametrized 
by arc-length. 

2.2. Persistent quadratic tangencies. A basic set oitpt is a non-trivial compact 
transitive hyperbolic invariant set of tpt with a dense subset of periodic orbits. 
Suppose that there exist continuations {Ai jt } te j, {A 2j t}t e j of basic sets or saddle 
fixed points of ipt such that 14 /s (Ai, to ) and W u (A2 i t ) have a quadratic tangency qt 
for a t £ J. That is, one can choose a coordinate (x, t/) on a neighborhood of 
qt with <7 to = (0, 0) and such that 

LI n O = {(x, y) : y = 0} and L\ n O = {{x,y) : y = ax 2 } 

for some constant a ^ 0, where Lf,L^ are arcs in W s (Ai i t) and W r "(A2,t) respec- 
tively which depend on t continuously. The tangency is called homoclinic (resp. 
heteroclinic) if Ai )to = A 2j t (resp. Ai jto ^ A 2 ,t ). One can choose these L s t ,L™ so 
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that they vary C r ~ 2 with respect to t, for example see Pollicott [HI Propositions 
1 and 2] and references therein. Notice that the assumption r > 3 continues to be 
used. 

Definition 2.1. The quadratic tangency qt a unfolds generically with respect to 
{ipt}t£ j if there exist local coordinates on O C 3 depending on t and a C 1 function 
b on J satisfying the following conditions. 

• Lf n O is given by y = and L" n O by y = ax 2 + &(£) for any £ near to- 

. 6(£ ) = 0and^(t )^0. 

The family {ipt}teJ is sa id to have persistent quadratic tangencies unfolding 
generically if, for any t\ € J, H /s (Ai itl ) and W 7 "(A 2i t 1 ) have a quadratic tangency 
(jtj unfolding generically with respect to {ipt}- 

2.3. Compatible foliations. Let J 7 be a foliation consisting of smooth curves in 
the plane. A smooth curve a in the plane is said to cross T exactly if each leaf of 
T intersects a transversely in a single point and any point of a is passed through 
by a leaf of J- . 

Suppose that {A t } is a continuation of non-trivial basic sets of ipt and {pt} is a 
continuation of saddle fixed points in A t . Let {I t } be a set of curves in W( oc {p t ) 
which are shortest among curves in Wf oc (p t ) containing A t n Wf oc (p t ) and depends 
on t continuously. According to Lemma 4.1 in Kan-Kogak-Yorke [7] based on results 
in Franks [4] , there exists a t-parameter family of foliations J 7 " in K 2 satisfying the 
following conditions. Such foliations are said to be compatible with Wj" c (A t ). 

(i) Each leaf of W£ c (A t ) is a leaf of J™. 
(ii) it crosses J 7 " exactly. 

(iii) Leaves of J 7 " are C 3 curves such that themselves, their directions, and their 
curvatures vary C 1 with respect to any transverse direction and t. 

Similarly, there exist foliations T^ compatible with Wf (A-t). A leaf of J 7 " is said 
to be a A t -leaf if the leaf is contained in W u / s (A t ). 

2.4. Accompanying Lemma. We still work with the notation and situation as 
in the previous subsections. Accompanying Lemma given below is used to show 
that some quadratic tangencies qt unfold generically. 

Suppose that there exists a continuation of saddle fixed points pt of ipt other 
than p t such that W s (p t ) \ {pt} has a subarc crossing J 7 " 1 0> := Tp t °(JF^) exactly 
for some integer ko > 0. Let a be an oriented short segment in M 2 meeting W u (pt)\ 
{pt} almost orthogonally in a single point of Int(c), which is denoted by ct- The 
Inclination Lemma implies that W^ c (pt) is contained in a small neighborhood of 
.F" ° for all sufficiently large integer j > 0, see Fig. 12. II In particular, a contains 
an arc crossing J 7 " ° exactly. 

Consider an orientation-preserving arc- length parametrization a : [fc^i] ^^ °~ 
independent of t. Let v : J — > [fo,wi] be a C 1 function such that a(v(t)) is 
contained in a At-leaf of J 7 " ° , and let c : J — > [vq, ui] be a C 1 function satisfying 
a(c(t)) = Ct. 

The following lemma is given in Kiriki-Soma ^J Lemma 4.1] and the proof is in 
Appendix A] . 
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Figure 2.1. 



Lemma 2.2 (Accompanying Lemma). For any S > and to G Int(J), there exists 
an integer jo > and a number e > such that any C 1 function v as above satisfies 



dv 



dt 



(t)-S(to) 



dt 



<S 



(2.1) 

if j >jo and \t-t \ < e. 

3. Continuations of homoclinic tangencies 

As we have stated in the end of Introduction, arguments in [141 Section 6.3] 
which were used to detect diffcomorphisms admitting homoclinic or heteroclinic 
tangencies in a small neighborhood of Henon maps in Diff °°(M 2 ) can not be applied 
directly to the fixed two-parameter family of original Henon maps: 

<Pa,b( x >y) = (y, a ~ bx + y 2 )- 

In this section, we will consider a C°° function h : (— e, e) — > R such that the 
6-parameter family {(ph(b) b} admits a 6-continuation of homoclinic quadratic tan- 
gencies Qh(b) b each of which unfolds generically with respect to the a-parameter 
family {</9 ,&(fixed)}- Finally, we will obtain essential results for the a-parameter 
family. 

For any element (a, b) of a small neighborhood of (—2, 0) in the parameter space, 
ifia.b has the two fixed points p a b with 



(3.1) 



Pa.b = (y ai b>v a ,b)> where y a , b 



l + b±^{l + bf 



4a 



For short, we set p+ b =p ab and y+ 6 
(Dip a ,b)p a , b at p a fi are 



y a ,b- Then, the eigenvalues of the differential 



(3.2) 



Xa,b = Va,b - \jvlf, - b, a af> = y a>b + ^y 2 ab 



-b. 



Thus, for any (a, b) ~ (—2, 0) with b ^ 0, the eigenvalues satisfy 

(3.3) < |A a ,b| < 1 < a afi and |A aifc |cr Q:6 < 1. 

A fixed point satisfying the condition p.3[) is called a dissipative saddle fixed point. 

When b = 0, Lp a ,a is not a diffeomorphism. Even in this case, one can define 

the stable and unstable manifolds associated to p a ,o in a usual manner. The stable 
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manifold W s (p a ,o) of (p a .o is the horizontal line y — y a .v in R 2 passing through p a ,o- 
Hence, W s (p a ,o) contains the horizontal segment S a ,o — {(x,y a ,o)] M < 5/2}- By 
the Stable Manifold Theorem (see e.g. Robinson [I7J Chapter 5, Theorem 10.1]), 
for any (a, b) ss (—2,0), there exists an almost horizontal segment S a j, C W s (p a ,b) 
containing p a ^ which C°° depends on (a, b) and such that one of the end point of 
S a ,b is in the vertical line x = —5/2 and the other in x = 5/2. In particular, each 
S a ,b is represented as the graph of a C°° function rj a ^ of x C°° depending on (a, b), 
that is, 

S a ,b = {(x,i] ai b(x)); \x\ < 5/2}. 
Since the family {fy a ,&} C°° converges to the constant function 7/ ao .o uniformly as 
(a, b) -t (a ,0), 

dr]a,b , 



(3.4) 



lim max 

(a,6)->-(ao,0) 

lim max 

(a,6)-+(ao,0) 



dx 
d 2 rja tb 



dx 



(x) 



-5/2 < x < 5/2 *> = 0, 

-5/2 < x < 5/2 



0. 



From the definition, the unstable manifold W u (p a ,o) consists of the points q € R 2 
which admits a sequence {<7«}^Lo m ^ 2 w ith qo = q, q n € y~o(#n-i) for n = 1,2,... 
and limn^oo q„ = p a ,o- In particular, W w (p a fl) is contained in the parabolic curve 
lm((p a fl) — {(x, x 2 + a); — oo < x < oo}. Then, it is not hard to show that 

W u {p afi ) = {(x,x 2 +a);a < x < oo} 

for any a « —2. Again by the Stable Manifold Theorem, for any (a, b) w (—2, 0) 
(possibly & = 0), there exist short curves T a ^ in W^" c (p a) b) with Int(T aj ;,) 9 p a ^ 
and varying C°° with respect to (a,b). Thus, for any integer m > 0, T^?' = 
<f%b( T *,h) C °° converges to T^l = < >0 (T ao ,o) as (a, 6) -► (a ,0). Intuitively, 



the curve T„™q is obtained by 'folding' T^™' when m is large enough, see Fig. 13.11 
Let a,Q be any number sufficiently close to —2. For any (a, b) ~ (ao,0), take a 




Figure 3.1. 



curve U a ,b in W u (p 0j &) with p a ^ b as one of its end points and C°° converging to 

U a „,o = {(^,^ 2 +a );a < a; < 2/ 0o ,o} C W u (p ao .o) injectively as (a, 6) ->• (a ,0). 
Set 

^,6 = <Pa,b(U a ,b) \ U a ,b, U* b = ^>a : b(U^ b ) and U? b = <p a ,b(U 2 b ). 
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Fix a sufficiently small 6 > 0, let l a .b be the curve in XJ\ b such that its end points 
are contained in the vertical lines x = ±<5. The curve l a ^ is represented by the 
graph of a C°° function y = ( a ,b(t) (—6 <t<5) C°° depending on (a, b) and such 
that {Ca,b} uniformly C°° converges to the function C, a .o with Ca,o(t) — t 2 + a as 
b — > 0. Note that l\ b = Lp a ,b{la,b) has a maximal point of U 2 b contained in a small 
neighborhood V(-2,2) of (-2,2) in R 2 , see Fig.E2] 



F(-2,2),,-- 




Figure 3.2. The case of b > 0. 



Consider C°° diffeomorphisms ^a,b on R 2 with ^ at b{x,y) = (x,y — rj a ^{x)) if 
M < 5/2. Then, for any (a,b) « (—2,0), the image \E r a ,b(<S'a,b) is equal to the 
horizontal segment [—5/2,5/2] x {0} in R 2 . In particular, any quadratic tangency 
of ^ a ,b(S a ,b) and a curve I in R 2 is either a maximal or minimal point of I. Let 9 at b '■ 
[—5, S] — > R be the C°° function such that 9 a ,b(t) is the y-entry of the coordinate 
of y a ,b o <p a ,b(t, Ca,t(*)) e R 2 , that is, 

0o,i(*) = O - W + Ca,b(t) 2 - %,b(Ca,b(i)). 

Note that Oj6 C°° depends on (a, 6). By (f3T4|) . both |d^ a!6 (x)/dx|, |d 2 ?7 a!6 (a;)/(ia; 2 | 
(—5/2 < x < 5/2) are sufficiently small. Since moreover d( a ,b(t)/dt — > It and 
d 2 ( a ,b/dt 2 (t) -> 2 as 6 -> 0, d 2 9 a , b {t)/dt 2 sw -8 7^ for any (a, 6) « (-2,0) and 
i w 0. Hence, there exists a unique point i a .f, £ (—(5,(5) at which # a .f, has the 
maximal value 9 a ,b(t a ,b)- Here, we set 

H(a,b) := 9 a ,b(t a ,b) and g aj6 := (p a ,b(ta,b,Ca,b{t a ,b)) € C,b- 

The point q a! f, is a candidate of the quadratic tangency of S^f, and W u (p a ,b) for 
suitable pairs of (a, &). 

From the definition, we know that H is a C°° function of (a, 6) sw (—2, 0). Since 
5 a! o is in the horizontal line y — y a ,o, 



H(a,0) = a 2 + a - y a $ 



1 + VT^Ta 



Thus, we have 



f)M 8 
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for any (a,b) w (—2,0). By the Implicit Function Theorem, there exists a C°° 
function h : I 6 — (— e, e) — > R for a small e > satisfying 

(3,) MO) ^-2, H W ),*) = 0, | = -||^. 

For each b £ I e , since 

0h(6),&(*fc(6),&) = 0, — -Tj- L -('th(b),b) = an d — , 2 ' fa(b),b) ~ -8 7^ 0, 
9h(6),fc is a quadratic tangency of W u (p h (b),b) and S h ( b ),b C W 8 (p/j(6),&). 

Remark 3.1. We note that Sh(b),b is almost horizontal, but not in general strictly 
horizontal when 6^0. Thus, the slope of Sh(b),b at the tangency qh(b),b is not 
necessarily zero, and hence qhtb),b may not be a maximal point of l\i b \ b - On the 
other hand, i &h(b),b(<lh(b),b) is a unique maximal point of ^h( b ).b(lh b ) b ) tangent to 
the horizontal segment ^h(b),b(Sh(b),b)- This is a technical reason for introducing 
the coordinate change by $ a [, to define the function H . 

With the notation as above, we will prove the following proposition. 

Proposition 3.2. If e > is sufficiently small, then for any b £ I e , W u (ph(b),b) 
and W s (ph(b),b) have a transverse intersection and the quadratic tangency qt(b),b 
unfolds generically with respect to the a-parameter family {f a ,b(Hxod)}- 

Proof. Suppose first that b is any positive number sufficiently close to 0. Then, 
since Z^ (&)fc is tangent to S h(b) , b r\V{-2,2) at q h{b) , b , C4(fc),&U l^ (6)fc meets S h{bhb D 
V(— 2, 2) transversely in two points, see Figure 13.21 On the other hand, for any 
b < sufficiently close to 0, Uh(b),b U Uh b -, b is disjoint from Sh( b ), b fl V{— 2, 2). But, 
in this case, Uh b \ b meets SVi(b),fc H V(— 2, 2) transversely in two points. This shows 
the former assertion. 

From the fact that dH(a,b)/da\ a= m > ^ j ^ 0, we know that the tangency qu(b),b 
unfolds generically with respect to the a-parameter family {</3 a ,6(fixed)}- This com- 
pletes the proof. □ 

We denote the graph of h in the a&-space by W, that is, H — {(h(b), b); b E I e }. 
For any (a, b) £ "H with b 7^ 0, one can take a sufficiently thin rectangle ficl 2 
with Inti? D S~ ? and an even integer w > so that R fl (p™ AR) has curvilinear 
rectangle components Rq,Ri such that Inti?o contains the saddle fixed point p & b , 
and Int_Ri contains a homoclinic transverse point associated with p h ? in V(— 2, 2), 
but i?o U i?i is disjoint from the homoclinic tangency g a g given in Proposition ^. 2[ 
see Figure 13.31 One can take such an R so that the intersection 

00 

n— — 00 

is a horseshoe basic set of ip w ~. Note that, since w is an even integer, ip w - is 

a.o a,o 

an orientation-preserving diffcomorphism even when b < 0. Here, the superscript 
"out" implicitly suggests that A™-* is in the outside of a small neighborhood of the 

homoclinic tangency q & r. Then, for any (a, b) sufficiently close to (a, b) (and hence 
in particular 6 7^ 0), there exists a continuation of basic sets A° u b of ip™ b based at 

A out 

a,b 
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Figure 3.3. The case of b > 0. 



Lemma 3.3. For any (a,b) € H with 6^0, there exists an open neighborhood 
O = 0(a,b) of (a,b) in the ab-space and a constant c = c(a,b) > such that, for 
any (a, 6) G O, the thickness r(A° u b t n W s (p a ,b)) is greater than c. 

Proof. Since A° u -* n VF S (p a g) is a dynamically denned Cantor set, t(A ^(~)W s {p & g)) 
is positive, see O p. 80, Proposition 7]. Since moreover r(A° u fc t n W s {p a ,b)) is 
continuous on (a, 6), see O p. 85, Theorem 2], one can have c > satisfying our 
desired property if the neighborhood O is taken sufficiently small. □ 

4. Double renormalization near quadratic tangencies 

In this section, we will work with the notations as in Section [3] and reform 
renormalizations near a homoclinic tangency suitable to the proof of our main 
theorem. 

Take an element b <G I \ {0} arbitrarily and fix throughout this section. For 
simplicity, we set 

(4-1) <Pa = ¥>a,b and Pa=Pa,b, 

where w > is the even integer given in the paragraph preceding Lemma 13.31 



Lemma 4.1. There exists a closed interval Jb,i arbitrarily close h(b) satisfying the 
following conditions. 

(i) There exist positive integers no, m such that, for any a £ Jb t \ and any n > uq, 
ip a has a basic set A™ n containing a saddle periodic point Q™ n , and besides, 
the thickness of A™„ n W u {Q™ n ) is greater than 2/c, where c = c(h(b),b) is 
the constant given in Lemma \3.3[ 

(ii) For any a € Jb,\, the thickness of A° u & * n W s (p a fi) is greater than c. 



Proof, (i) By Proposition 13. 2[ (pub) has the homoclinic quadratic tangency qh<b).b 
in V(— 2, 2) associated with the dissipative saddle fixed point Ph(b) which unfolds 
generically with respect to the one-parameter family {f a }aej b - We may suppose 

'Pa = (0,0). 

• When a = h(b), both the points r = (1, 0) and r' = (0, 1) S U belong to the 
orbit of the homoclinic tangency Qh(b),b an< 4 satisfy V^mC 7 "') = r f° r some 
integer N > 0. 
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By the work of Romero [HI Theorem D] based on [T| (see also in (5J |9]), without 
the hypothesis of smooth linearization as in |14j , we get the following renormaliza- 
tion near the homoclinic tangency qhtb),b : f° r an Y sufficiently large integer n > 0, 
one can obtain a C°° reparametrization Q n on R and an a-dependent C 2 coordinate 
change <!>„ on R 2 satisfying the followings 

• d@ n (a)/da > 0. 

• n (a) (resp. & n (x,y)) converges as n — > oo locally uniformly to the map 
with constant value h(b) € R (resp. r <E M 2 ). 

• For any a € R, the diffeomorphisms i/j a , n on ]R 2 , defined by 

(x,y) h> Va,n(*,y) := ^T 1 ° ^e„ + (a) ° $ ™( S 'y)' 

C 2 converge as n — } oo locally uniformly to the endomorphism -0 a with 

tpa{x,y) = (y,y 2 + a). 

Furthermore, by 14, p. 124, Proposition], for each integer m > 3, we have a 
small closed interval J with Int J 3 —2 and an integer no > satisfying following 
conditions. 

• For any a € J and any integer ?i > no, ?/>a,n has a saddle fixed point P a ,n 
in a small neighborhood of (2, 2) and a basic set A™ n containing a saddle 
m-periodic point Q™ n . 

• e„(J) C J Ml 

• For any a G J and any integer n > n , the thickness r(A™ n n W u (Q™ n )) of 
the Cantor set A™„nT4 7 "((5 a n „) is greater than an arbitrarily given constant 
if m is sufficiently large. 

So, one can take such J, no and m so that 

r(A™„nW™(Q™J)>- 
c 

for any a S J and n > no. Then, the proof of (i) is completed by letting J b ± = 
e„(J), A™„ = $„(A™„) and Q™„ = $„(g™„). 

(ii) For the proof, it suffices to retake the integer no in (i) so that Jb.i = ® n (J) 
satisfies J^i x {6} € 0(h(b),b) for any n > no, where 0(h(b),b) is the open subset 
of the afr-space given in Lemma 13.31 □ 



Convention 4.2. From now on, we will suppose that x, y, a and x, y, a are related 
by a — 6 n (a) and (x,y) = $„($, y) whenever the n is selected. Moreover, for any 
parametrized subset Y a of the xy-space (resp. Z a of the iry-space), we will denote 
the image $„(la) (resp. $~ 1 (Z a )) in the ay-space (resp. the xy-space) again by Y a 
(resp. Z a ). 

For any sufficiently large integer n > 0, one can define a foliation .F| n in the 
xy-space compatible with Wf oc (A™ n ) such that there exists an arc 1% n in W u (Pa, n ) 
crossing J 7 !^ exactly as shown in Figure |4~T1 Let S a , n be the curve in W s (Pa, n ) 
containing P a „ and such that one of the end point of S a ^ is in the vertical line 
x = —5/2 and the other in x — 5/2. For any sufficiently large integer i > 0, by the 
Inclination Lemma (see for example [17, Chapter 5, Theorem 11.1]), one can have 
foliations .F|„ obtained by shortening the leaves of V , a~,ri(^ r a,n) so that all leaves of 
J%n are weu approximated by S a ,n, see in Figure |4~T1 
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ff(A° fl ut ) 

loc " 



Figure 4.1. In the left (resp. right) side figure, the short segments 
meeting l a (resp. l% n ) transversely are leaves of Ga (resp. F^ n ). 



Since (a, b) e O for any a £ Jb,i, we have the basic set A° ut := A° u 6 * given in 



Lemma 1331 Let Ga be a foliation compatible with W£ c (A° ut ) and l a the segment 
in W s (p a ) crossing Ga exactly as shown in Figure [CTJ By 14, p. 125, Proposition 
1], there exists a compact arc cr| „ in W s (Pa, n ) containing P S] „ and converges in 
the xy-space to an arc in W s (p a ) which contains at least one fundamental domain 
as n — > co. Moreover, Remark 1 in P31 p. 129] shows that, for all sufficiently large 
n and some j > 0, tp a ° (<r| „) meets Ga non-trivially and transversely. From 
this fact together with the Inclination Lemma, for any sufficiently large integer 
i > 0, one can have a foliation Ga n m the xy-space as in Figure [4~T1 obtained by 

shortening the leaves of the "S^-image of <p a (Ga) so that all leaves of Gg, n are well 
approximated by a single curve L^ n in W u (P a ^ n ) passing through P a , n and with 
three maximal points as illustrated in Fig. 14.21 Here, we take the sequence \Li% „}„ 



so that it C 2 converges onto the graph L^ of y 
for some a > as n — > oo. 



a with a < x < Xi(a) + a 



-s(i) 



-?u(i) 



Recall that a leaf of F a J (resp. G a )n) is said to be a A™„-leaf (resp. A° -leaf) 
if the leaf is contained in W s {A™ n ) (resp. W u (A° ut )). Consider A™„-leaves f { a % of 



J&£ and A° ut -leaves g a n of Ga „ C 1 depending on a € Jj, where 5 > is taken 
sufficiently small so that J$ = [— 2 — 8, — 2 + 5] is contained in the interval J given 
in the proof of Lemma 14.11 Let V be a small open neighborhood of (—2, 2) in 
the xy-space and £ a vertical segment in V meeting f an , g an > Sa.n, Lg, n almost 
orthogonally for any a e Jj, see Figure 14.31 We denote the the y-entries of the 
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Figure 4.2. 



N V 




Figure 4.3. 



coordinates of the intersections f£ n n £, ggj n n f, S a , n H & is,„ H £ by y(fi%), 
y(gi%), y(Sg,,n) and y(L^J respectively. 

Lemma 4.3. M^ii/i the notation as above, if we take S > 0, V sufficiently small 
and n sufficiently large, then there exists an integer io = %o(n) > such that, if 
i > io, the derivatives ofy(f^ n ) and y(g a ' n ) satisfy 



(4.2) 



dy(fuli) dy{g { ^ n ) 



>2. 



da da 

Proof. For any a € Jj, consider the endomorphism ipa{x, y) = (y, y 2 +a) given in the 
proof of Lemma [44j The point P a = {x\, j/i) with Xi(a) = y\{a) = (1 + v 7 ! — 4a)/2 
is a fixed point of ips, close to (2, 2). If necessary slightly extending £, we may assume 
that £ meets the line r s : y = (1 + y/l — 4o)/2 orthogonally in a single point. Since 
dyi/da — > —1/3 asa-> —2 and <§«,« C 2 converges to a segment in r a as n — >• oo, 
dy{Ss.,n) / da is well approximated by —1/3 for all sufficiently large n. 

The curve L a has the point v\ = (0, a) as a unique minimal point. The ^a-image 
(#2,2/2) = (a, a 2 +a) of ui is the left side end point of L a . Since dyi/da = 2a + 1 — >• 
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— 3 as a — > —2, dy(L^ n )/da is well approximated by —3 for all sufficiently large n 
and any a £ J$ if we take 6 > sufficiently small. 

Now, we apply Accompanying Lemma (Lemma 12 -2[) to the ordered families 
(A™\p a ,gZ,P a , n ,g^,0 and (.A% n ,Q% n ,J% n ,Pa,n,Ji'$,t) each of which cor- 



responds to (A u p t , J?,p t , T\ 



«(fco+j) 



a) in Subsection 12.41 ( see also Fig. I2.1J). Then, 



there exists an integer iq = io(n) > such that, for any i > iq, 



dy(Sa, n ) dy{fi%) 



da 



da 



< 



1 

To 



and 



dy(L2 n ) dy(g^ n ) 



da 



da 



< 



10 



This implies our desired inequality (14.2 



n 



Here, we consider the case when fg' n and g£ n have a quadratic tangency in £. 
Then, Lemma 14.31 shows that the tangency unfolds generically with respect to ipg,,n 
and hence to ip a in the sense of Definition I2.ll 



5. Proof of Theorems IA1 and IbI 

In this section, we will work with the notation as in Section [4] and Convention 
14.21 Theorems 15.11 and 15.21 below imply respectively the assertions (i) and (ii) of 
Theorem El 

Theorem 5.1. For any b £ 7\{0}, there exists a closed subinterval J^ of J^i such 
that the one-parameter family {^>a}ae.7 b w ^th ip a = ip™ b has generically unfolding 
persistent quadratic tangencies of W u (A° nt ) and W s (A^ l n ). 

Note that A™„ corresponds to the basic set A' a n in the statement of Theorem [A] 



Proof. We will work with S, V, n and i satisfying the conclusion of Lemma 14.31 
By the Intermediate Value Theorem, there exists an a £ J$ such that the locally 
highest leaf of G& „ in V and that of J"a „ has a tangency in V, see Figure EH]- (i). 
Then, for any d\ £ Jj sufficiently close to a, there exists an almost vertical C 1 




Figure 5.1. (ii) The case of <zi > a. (hi) The case of a\ < a. 



arc p in V containing subarcs p u and p s which respectively cross G& n and J 7 * „ 
exactly, and such that each point of p n G& „ fl 7j„ is a tangency of leaves in 



g%% and J^\ see Figure E3}(ii) and (hi). Let ir u : fi^G^) -> p u C p and 
7I ' S : ^ai n(-^Ui n) -> p s C p be the C 1 projections along their leaves. Then, the 
compositions r, u = n u a {ip^ \l s a J : l s ai -> p and r, s = n s o (V^nl^, J : 1% U „ -> p are 
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C 1 embeddings onto p u and p s respectively. Note that each point of 77 u (W r 1 " c (A°" t )n 
l' ai ) (resp. r) s (Wf oc (AZ tn ) n £ 1>n )) is in a A°f -leaf (resp. A™ „-leaf). " 

By Lemma l4.1l (ii). if necessary replacing n and hence i by greater integers, one 
can suppose that 

r(AS,„n^ >n )>i. 

This fact together with Lemma |4"7l1 (i) shows that 

^(A°fn^ 1 )-r(A™ i „n/« i J>i. 

Thus, there exists a closed subinterval J& of Jj such that the last inequality holds 
if oi G Jft. By invoking Thickness Lemma [111 114) . for any a,\ G J&, we have a 
A°"*-leaf in Q^[ n and a A^ -leaf in J-"aJ*„ admitting a quadratic tangency q ai in 
V . By considering a vertical segment £ in V^ passing through q &1 and using Lemma 
14.31 one can show that q ai unfolds generically with respect to {f/'a,™} and hence to 
{fa}- Since J& C Jg C J, it follows that J = 6 n (J{,) is our desired subinterval of 

Jb.i = e n (j). D 



Theorem 1 5 . 1 1 present s persistent heteroclinic tangencies associated to two basic 
sets. The following theorem presents homoclinic tangencies associated to the fixed 
point p a of (p a and so we conclude the assertion (ii) of Theorem \X\ 

Theorem 5.2. With the notation as above, there exists a dense subset J' of J 
such that, for any a G J', W u (p a ) and W s {jpd) have a quadratic tangency q a which 
unfolds generically with respect to {^Pa\aeJ h - 

Proof. For any fixed a\ G Jb, there exists a heteroclinic quadratic tangency of a 
A^-leaf of Q^ n and a A^ „-leaf of J-^ n in V unfolding generically with respect 



to tp a . By Lemma 14.31 there exists an 02 G Jb arbitrarily close to a\ such that 



W"(A™ ) and W s (A a n n ) have a transverse intersection z\ in V, see Fig. 15.2 



a 2 .n 




Figure 5.2. 



Here, we will show that W S (A™') and W u (A a n 2 n ) also have a transverse inter- 
section. Let Ql 2 be a foliation compatible with W^ iC (A^ t ) such that any leaves of 
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G s a2 and G% 2 mee t transversely in a single point, see Fig. 15.31 (and also Fig. 14. 1| . 
Again by p~4] p. 125, Proposition 1, p. 129, Remark 1] and the Inclination Lemma, 



V 


i 


mi mi Ml III 


1 II 


1 WUUlilil 












P °2 


' 






WWWIIIIII 



?£, 



Figure 5.3. The union of the shaded regions contains A° 



for any sufficiently large integer i > 0, one can have a foliation G&£ n obtained by 

shortening the leaves of <Pa 2 {Gt 2 ) so that all leaves of Gs 2 , n are wen a PP rox i ma ted 
by the arc Sa 2 ,n given in Section |U Then, as is shown in Figure I5T2| we have a 
transverse intersection point z 2 of a A°"'-leaf of Ga 2 n an d a l eai 0I W"(A^ „). 
Applying [121 Lemma 8] to the cycle {A° 2 *, z\, Ag™ Z2}, one can define a basic set 
A Q2 withA a2 DA°f UA-„. 

Since a 2 is an element of J b , by Theorem IBTTl W"(A°^) and W s (Ag ) have 
a heteroclinic quadratic tangency q a2 unfolding generically. Since the basic sets 
A° ut ,A™ n have dense subsets consisting of saddle periodic points, there exists 
&2 G Jb arbitrarily close to ai and satisfying the following two conditions. 

• There exist leaves l u , of W u (A°Y t ) and If, of W s (A m , ) which have a 

a 2 v a 2 / a 2 V a 2 ,n^ 

quadratic tangency q a ' o unfolding generically and moreover pass through 
saddle periodic points p", G A°"* and p s a , G A^ n respectively. 

• There is a basic set A Q < of </v which belongs to a continuation of basic sets 
based at A a2 . 

Since A a > 2 is a basic set containing A°F* U A™ n , both W u (p a i 2 ) and W^ s (p a2 ) pass 
through an arbitrarily small neighborhood £/ of g a / . Since q a ' is a tangency unfold- 
ing generically, there exists a 3 G Jh arbitrarily close to a' 2 such that W(p a3 ) and 
W s (j>a 3 ) have a homoclinic quadratic tangency q a3 in 17. By invoking Accompany- 
ing Lemma, one can show that q a3 is also a tangency unfolding generically. Here, 
we note that Accompanying Lemma works only for leaves sufficiently close to a leaf 
passing through saddle periodic points. In our case, the leaf l% 3 (resp. IJ 3 ) passes 
through the saddle periodic points p^ (resp. p s a ). This is our reason for replacing 
the parameter 0,2 by a' 2 . 

Recall that ai G Jb is taken arbitrarily and 03 G Jb is arbitrarily close to a\ G Jb- 
From this fact, we have a dense subset J' of J& such that, for any a G J', W u (pa) 
and W s (pa) have a quadratic tangency unfolding generically. This completes the 
proof of Theorem 15.21 □ 



Next, we prove Theorem Q5] by using results of Theorems 15. II and 15.21 

Proof of Theorem\B[ For any a € J', one can apply the Palis- Takens Renormaliza- 
tion Theory to a small neighborhood of q e ~ L . Then, Proposition 3.3 in Robinson |16j 
and Lemma 2.2 in Newhouse [13] imply the existence of an open subinterval Yg of 
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Jb arbitrarily close to a £ J' and such that, for any a € Y a , <p a has at least one sink 
whose basin meets W u {p a ) non-trivially. From the denseness of J' in Jb and the 
arbitrary closeness of Y& to a £ J', we have an open dense subset A b of Jb such 
that, for any a £ A[ , tp a admits at least one sink r with W u (p a ) n B r =/= 0, where 
B r is the basin of r. According to Proposition 2.1 in [13], if <^ a had an SRB measure 
v supported by the homoclinic set of p a , then the support supp(^) would coincide 
with the closure Cl(W u (p a )) ■ Since v is a </? a -invariant probability measure, it fol- 
lows that C\(W u (p a )) n B r C {r}. On the other hand, since W u (p a ) n B r 7^ 0, 
the intersection would contain an arc, a contradiction. Thus, for any a £ A b , the 
homoclinic set of p a does not support any SRB measure. This proves (i). 

By applying arguments as in the proof of Theorem E in 16, §9] repeatedly, one 
can have open dense subsets Z n (n = 1, 2, . . . ) of J& with Z\ = A b such that ip a 
has at least 2™ sinks for any a £ Z n associated to the periodic-doubling bifurcation. 
Then, A b = PL>i ^ n is a residual subset of Jb such that ip a has infinitely many 

sinks if a £ A b ' . This shows (ii) . 

According to Wang- Young [31] Appendix A. 2], for any a € J' , there exists a 
subset Xa of Jb with positive Lebesgue measure and contained in an arbitrarily 
small neighborhood of a in Jb and such that, for any a G Xa, tp a has a strange 
attractor with an SRB measure. Again by the density of J' in Jb, we have a subset 
A b ' of Jb satisfying the conditions required in (iii) of Theorem |5J □ 
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